Experiments have shown that wild type P. aeruginosa swarms much faster than rhlAB mutants on 0.4% agar concentration surface. These observations imply that development of a liquid thin film is an important component of the self-organized swarming process. A multiscale model is presented in this paper for studying interplay of key hydrodynamical and biological mechanisms involved in the swarming process of P. aeruginosa. This model combines a liquid thin film equation, convection-reaction-diffusion equations and a cell-based stochastic discrete model. Simulations demonstrate how self-organized swarming process based on the microscopic individual bacterial behavior results in complicated fractal type patterns at macroscopic level. It is also shown that quorum sensing mech- 
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Introduction
Several bacteria, such as Pseudomonas aeruginosa, Bacillus subtilis, Serratia liquefaciens, Escherichia coli and Vibrio parahaemolyticus exhibit swarming motility on surfaces of varying properties including hardness and nutrient availability 4, 15, 16 . Swarming is the fastest known bacterial mode of translocation. It enables rapid colonization of surface environments including host tissues 29 . Regulation of swarming is achieved by various complex multiscale events. While swarming, a bacterial community may move in a coordinated pattern depending upon the gene expression of individual cells, the sensing of chemical signals present in a hydrating environment, and the physical characteristics of the surface influencing the attached bacterial cells.
Although some insights in swarming have been obtained (e.g, studies using a two-dimensional off-lattice model 32 have shown that Myxobacteria has an optimal reversal frequency of eight minutes), how interactions between cells and cell and environment facilitate swarming is still an open question. Therefore, understanding this question in general might shed light on the self-organizing process in bacteria, when they spread as a biofilm in a tissue or develop multicellular fruiting bodies.
Several bacterial swarming models of the self-propelled bacterial systems have been described in 6, 12, 18 . Most models, such as those for Bacillus subtilis and Escherichia coli, are based on long-range cellular interactions facilitated by chemical gradient or nutrient level (chemotaxis) (See 6, 5 and references therein for a review). However, many bacteria including Myxobacteria, show no evidence of long-range cell-cell communication guiding their collective motion. Specially, Myxobacteria have only local contact signaling and use social interactions between neighboring cells and cell alignment for swarming 19 . A stochastic discrete model has been developed in 32, 33 for studying an interplay between two different motility mechanisms and the role of reversals in swarming of Myxobacteria. For bacteria swimming in thin liquid film it was shown that swarming can be a result of pure hydrodynamic interactions between cells 14, 26, 34 . In 3,4 , a continuum model was developed for studying Serratia liquefaciens swarming. The interaction between cells and the liquid film environment was described by an effective viscosity model.
The goal of this paper is to introduce a multiscale model for studying P. aeruginosa swarming which is very complex and involves sophisticated quorum sensing (QS) schemes and cell and environment interactions. During the course of swarming, cells extract extracellular "wetting" liquid from substrate. The motion of the individual flagellated P. aeruginosa as well as the swarm expansion is then aided by changes in physical properties within and on the surface of the newly developed thin liquid film. It has been observed that swarming patterns of P. aeruginosa differentiate and swarming rate increases on surfaces with a higher contact angle of liquid 25 . We have recently found that higher surface hydrophobicity leads to increased rhamnolipid (rhl) production by bacteria in very close proximity to the advancing edge of swarming cells, which is sufficient to dominate the resulting swarm phenotype.
Moreover, preliminary experimental results show that swarming motility would only develop for a certain range of agar concentrations 25 . Within this range of agar concentrations, it has been observed that the spreading process of P. aeruginosa is accompanied by a liquid film development.
Several models have been developed to study P. aeruginosa QS system 13, 21 . To the best of our knowledge, no attempts have been made to model P. aeruginosa swarming combining QS molecular processes and cell-cell and cell-environment interactions.
The multiscale model described in this paper combines continuum submodels and a discrete stochastic submodel into a multiscale modeling environment for studying P. aeruginosa swarming. At the continuum level, thin liquid film submodel is used to describe the hydrodynamics of mixture of the liquid and the bacteria moving using flagella. Convection-diffusion equations describe evolution of QS signals and nutrient. A cell-based stochastic discrete submodel is used to describe the motion of individual P. aeruginosa at the microscopic level. Continuum and discrete submodels are coupled in space and time.
Using this model wild type and rhlAB mutant P. aeruginosa swarming has been simulated. Simulation results confirm experimental observations that the ability of rhl synthesis to produce liquid is critical to colony expansion (See Fig. 1 ). Rhamnolipid also functions as a bio-surfactant. Simulations demonstrate that the gradient of rhamnolipid in the liquid and on the surface of the liquid create surface tension gradient that drives liquid spreading. This greatly extends bacterial swarming and results in formation of fractal shaped structures at the edge of the swarm with "fingers" protruding outwards. Also, simulations demonstrate presence of high concentrations of bacteria at the swarm edge.
The paper is organized as follows. Section 1 presents an overview of bacteria swarming. Section 2 describes biological background of P. aeruginosa swarming. The multiscale model is described in Section 3. Simulation results are discussed in Section 4. Conclusions are presented in Section 5.
Biological background
Pseudomonas aeruginosa is a common gram-negative bacterium. It is one of many bacteria that utilize a cell-cell signaling mechanism, called quorum sensing, to coordinate gene expression. Quorum sensing bacteria use diffusible or excreted chemical signals as cues to coordinate gene expression among bacterial communities for a variety of different activities including: luminescence, DNA uptake, sporulation, antibiotic production, and in the case of P. aeruginosa, virulence. Swarming motility of P. aeruginosa has also been shown to be greatly influenced by quorum sensing via the production of rhamnolipid (rhl) -a bio-surfactant at high cell density as a quorum sensing response 20 . The rhlI and rhlR quorum sensing genes regulate transcription of rhlA and production of P. aeruginosa rhamnolipid that acts to lower the surface tension effectively to allow increased flagellar surface motility 7 . However, the influence of quorum sensing upon swarming motility has been shown to be conditional; changes to the growth medium (e.g. chemical composition) can significantly impact both P. aeruginosa surface motility and the importance of cell-cell signaling as bacteria attach to surfaces 24 . P. aeruginosa uses its single polar flagellum that operates as a rear propulsion engine when swarming. Propulsion forces could also be generated by the many type IV pili of P. aeruginosa. However most studies suggest that swarming requires only the flagellum and swarming is sometimes increased in the absence of type IV pili 8, 22, 24 .
Mathematical model

Cell-based stochastic off-lattice submodel for individual cells
We use a simplified version of the off-lattice model, as introduced in 32, 33 , to describe the elastic properties of the P. aeruginosa cell body. Individual cell is represented by N (N = 3) nodes connected by N − 1 segments moving on a substrate (See At each simulation step, each cell is led forward by the random motion of its head node of a velocity in a randomly selected direction. This velocity can be equal to a small random walk velocity, cell swimming velocity or a combination of them. Then, other two nodes make a number of tentative movements to move in preferred directions with small random deviations. The tail node tends to move along the direction pointing from itself to the middle node, while the middle node moves in the direction from tail to head node. Such tentative movements will be accepted in a way to minimize the body energy Hamiltonian consisting of bending and stretching terms:
where l i and θ i are segment lengths and angles between two segments respectively, K b and K θ are phenomenological stretching and bending coefficients, analogous to the spring constants in Hooke's Law. Due to the stochastic features in the above model for cell body movement, cells can keep their lengths within certain range while being able to bend flexibly. Also, cells swarm in the liquid extracted from substrate by bio-surfactant rhamnolipid, they move with liquid. Cell consumes nutrient and stores it which is represented as nutrient level in a cell body. If nutrient level in a cell reaches a threshold, cell divides into two daughter cells.
A simple quorum sensing system is employed on each cell, with only one QS signal molecule which corresponds to autoinducers of P. aeruginosa (AHL). This signal activates the synthesis of the biosurfactant rhamnolipid, which is necessary for the cells to swarm on the surface. If the concentration of rhamnolipid is greater than a given threshold, liquid is extracted from the substrate. The cells have two stages controlled by threshold levels of QS chemical concentration: 1) the solitary or planktonic state, and 2) the activated state.
Solitary or planktonic state. In the beginning of the simulation, QS chemical concentration is set to be low and all cells are in the solitary or planktonic state. Cells move randomly within the initial thin liquid layer. Cells also produce QS signal and release it into the liquid layer. The local QS concentration increases gradually. Here we assume that nutrient is abundant for cells to move, grow and divide. So stationary or starvation state is not considered in this model. Activated state. Once the local concentration of QS signal is greater than the given threshold, cells become activated and begin to produce rhamnolipid. The biosurfactant rhamnolipid works as a wetting agent. High level of rhamnolipid concentration will extract liquid from the substrate. So we assume that if the concentration of rhamnolipid is greater than a given threshold, wetting liquid is extracted from the substrate at constant rate.
Continuum submodels at the macroscale
To study the influence of thin liquid film on wild type bacteria swarming, we consider the spreading of fluid of initial thickness H in the layer of extent L (H ≪ L), of viscosity µ, density ρ and surface tension γ. This liquid contains soluble surfactant rhamnolipid of initially uniform surface and bulk concentrations Γ m and γ m resting on a horizontal solid substrate. We assume that the substrate is initially coated with a very thin layer of liquid of uniform thickness H b (See Fig. 3 for a side view of the liquid profile). Wild type cells only exist within the liquid layer excluding the precursor.
Liquid thin film submodel
Since a typical colony is of the order of 0.1 mm in depth and may expand to be of the order of 100 mm in diameter, we employ the following thin viscous fluid flow equation obtained by using a lubrication approximation of the Navier-Stokes equation 4, 11, 23, 31 to describe the liquid layer:
where h is the thickness of the liquid coating layer on a planar substrate, µ is the dynamic viscosity (µ = ρν), γ m is the minimal surface tension at maximum packing and, E describes extraction of liquid by rhamnolipid produced by bacteria. The vertically averaged fluid velocity U is computed by
P. aeruginosa secretes soluble surfactant -rhamnolipid which changes the surface tension of the liquid film. Marangoni stresses arise due to non-uniformities in the surface tension at the interface between the gaseous and aqueous phases that are in turn, are induced by local differences in interfacial surfactant concentration. These stresses drive flow from areas of high surfactant concentration to less contaminated regions. Term ∇ · ( 1 2µ h 2 ∇γ) accounts for the Marangoni-driven instability.
Marangoni force is driven by the initial difference between the surface tension of the liquid with initial surfactant concentration, γ m , and the higher surface tension of the initial underlying uncontaminated film, γ c . We denote the maximal difference of surface tension as S = γ c − γ m .
Surface tension γ depends on the surface concentration of rhamnolipid Γ. We employ the constitutive law proposed in 23 and utilized in 11, 31 to describe the dependence of the surface tension on the rhamnolipid concentration:
where α = γ m /S. Viscosity µ is dependent on the suspension of cells. We adopt the effective Newtonian viscosity model developed by Verberg, et al. 28 which is also used in 3,4 for studying Serratia liquefaciens swarming:
where 6) ϕ is the sphere volume density of cells and µ 0 is the pure solvent viscosity. This effective Newtonian viscosity model takes into account physical inter-particle interactions, but neglects the microscopic details of the interactions of cells with the background flow and with each other. Recently, it has been found that interactions of cells with the background flow and with each other actively decrease the effective Newtonian viscosity of the suspension 17, 27 . In the present work, we neglect this effect for simplicity.
Model of quorum sensing and nutrient uptake
All cells need nutrients to survive, grow and divide. In the current model, we make a simplification by using one QS signal, denoted as q, to represent the effects of lasI, rhlI and other signals in the complex QS system. Cellular nutrient uptake, production of QS signals and rhamnolipid concentration are modeled using reaction-advection-diffusion equations describing dynamics of various field concentrations: being positive production rate to be measured experimentally). Notice that these terms couple the off-lattice submodel and continuum submodels. Namely, corresponding concentration field is modified locally by bacteria located within the finite difference grid cell at each time step.
Second term on the right-hand side in Eqn. (3.7c) and third term on the righthand side in Eqn. (3.7d) represent solubility, where k 1 and k 2 are adsorption and desorption rate constants.
Last terms of the above equations represent decay of the molecule concentration, where B n , B q , B Γ and B c represent decay rates.
The above model parameter values are listed in Table 1 . Initial conditions and boundary conditions are the same as in 30 . The nutrient field concentration determines growth/division of cells, while QS and rhamnolipid fields affect motility of cells in a threshold-dependent manner. QS threshold concentration is reached when bacteria population density is sufficiently high. In this study, we do not consider the nutrient depletion since nutrient level in laboratory experiments we are modeling is kept very high.
Coupling of the off-lattice model and continuum submodels into a multiscale model
In our model, cells move on off-lattice grid, while equations of thin film and chemicals are solved on the partial differential equations (PDEs) grid. The off-lattice grid is superimposed on and aligned with PDE grid and can be considered as the refinement of the PDE grid. Once the sizes of two grids are specified, the coordina-tion correspondence between two grids is established. In the present work, we use 2000 × 2000 grid blocks for the off-lattice grid. An interpolation operator is used to average concentration of extracellular QS signal or rhamnolipid molecules generated by cells from the off-lattice grid and map it onto the PDE grid. Similarly, an interpolation operator is used to interpolate and map fluid velocity from the PDE grid onto the off-lattice grid. Each simulation time step consists of a substep of cell-based off-lattice model followed by a substep for evolving PDE solutions. During the substep for the offlattice model, cells move to a new location, consume nutrient, which modifies the local nutrient field, grow and divide. We also solve the intracellular QS model for each cell. The updated internal AHL and rhamnolipid are secreted by cells and modify the local extracellular QS signal concentration. During the PDE time step the liquid film is evolved and diffusion and convection of extracellular signals are modeled by solving convection-diffusion equations. Average cell velocity which was measured experimentally, is used to calibrate time step in the off-lattice model. These provides connection between physical time scale and time scale of the offlattice submodel which is also used for continuum PDE submodels.
Initial distribution
P. aeruginosa swarms usually consist of many millions of cells. Considering the radial symmetry of a swarm, it is not necessary to simulate the entire colony to study the swarming dynamics of cells. Rather, we simulate a small sector of the swarming edge where most processes and interactions essential for swarming occur. We approximate it as a rectangle domain.
The typical domain size is 2π × 2π, and the typical number of cells in our simulations is 10 5 . Hence, each cell represents ≈ 10 2 bacteria. To focus our simulation on studying the effect of the production of rhamnolipid, liquid extraction and cell motion during bacteria swarming, we skip the early transient phases and start simulation after some liquid has already accumulated above the substrate, by imposing an initial height profile of the liquid. Fig. 3 shows such initial rectangular swarming edge domain filled with cells. Model parameters are listed in Table 1 .
Numerical methods
Simulations are performed on a two-dimensional domain of size 0 < x < 2π, 0 < y < 2π. h y (x, 0, t) = h yyy (x, 0, t) = 0 and h(x, 2π, t) = b, h y (x, 2π, t) = 0, Γ y (x, 0, t) = c y (x, 0, t) = 0 and Γ(x, 2π, t) = c(x, 2π, t) = 0, (3.8) where b is the typical thinkness of the initially undisturbed film. Periodic boundary conditions are imposed along the edges of the grid at x = 0 and x = 2π. There is a challenging numerical problem caused by the nonlinear high-order terms ∇ · h 3 ∇∇ 2 h in the thin film model equation (3.2) . We use Crank-Nicholson approach to treat this high order term. The numerical algorithm used to compute solutions for thin film model is a finite difference scheme that couples a Crank- Nicolson scheme for ∇ · h 3 ∇∇ 2 h term with explicit scheme for other terms. The numerical scheme used to solve thin film equation at grid cell center (x i , y j ) is described as Convection-reaction-diffusion equations for nutrient, QS chemical and rhamnolipid concentrations are solved by the following schemes
where diffusion components of each chemical equation are solved by a CrankNicolson time discretization scheme. The convection components are discretized using explicit scheme, and the reaction components are updated by the cell movement in each finite difference grid on the last time step. We utilize the Krylov subspace iterative method implemented in PETSC package 2 to solve system of linear equations (3.7) resulted from discretizing quorum sensing and nutrient uptake governing equations, and the Newton-Krylov subspace iteration method implemented in KINSOL package 10 to solve system of nonlinear equations (3.2) resulted from discritizing thin film equation. Eqn. 
Discussion of the simulation results
Laboratory experiments
7 have shown that rhamnolipid is important for P. aeruginosa swarming. Wild type cultures produce rhamnolipid while rhlAB mutants produce none. Significant differences in swarm diameter were observed among strains. The wild type strain swarms fast and expands to cover the whole plate in about two days while rhlAB mutant swarms poorly (Fig. 1) . This difference is thought to be caused by the thin liquid film extracted by high concentration of rhamnolipid from the substrate. Colony expansion of wild type strain is accompanied with the spread of a thin liquid film, which is produced as a result of QS process. The bacteria produce rhamnolipid in response to the QS. Then rhamnolipid extracts liquid from the agar as well as decreases the surface tension of the liquid. On the other hand, there is no significant liquid extraction observed in experiments with the rhlAB-deficient strain.
We use our model to illustrate the influence of the thin film of liquid on the bacterial swarming by conducting two comparative simulations for wild type P. aeruginosa and rhlAB mutant swarming on agar substrate. We also compare cell density distribution and water height profile from simulations with the experiments. To compare expansion speed of cell colony in different cases, we define an expansion rate as in Eqn. (4.1).
Expansion rate = {maximum dimension of cell colony} tn+1 − {maximum dimension of cell colony} tn t n+1 − t n (4.1)
In the simulation of the wild type bacteria swarming, the liquid production rate from Table 1 is used. In experiments, cells usually take hours to build the liquid layer. We assume that initially in our simulations there is already a very thin liquid layer on the substrate to skip the initial phase of bacterial swarming. The initial liquid profile is as follows:
where (1) . These initial conditions mimic fluid cap covered by surfactant of essentially uniform concentration positioned on an undisturbed film of much smaller thickness. Set of cosine functions represent perturbations consisting of several transverse modes localized at the edge of the fluid cap 30 . The initial distribution of cells is shown in Frame C of Fig. 3 . Fig. 4 shows the contour plot of the edge of the colony swarming on the wild type strain plate. Fig. 5 presents expansion rate in this case.
Water production rate was set to zero in the simulations of the rhlAB mutant swarming. No liquid is extracted from the substrate. Therefore, we don't use an initial liquid layer in the simulations and cells move without the help of a spreading thin liquid film. Fig. 5 and Fig. 6 show expansion rates for the wild type strain and rhlAB mutant cases, respectively. Comparison of two sets of data follows that, without water extraction, the expansion rate of cell colony is extremely low and cells are compactly assembled together. With water extraction, swarm grows fast and fingering instability at the edge gets amplified. These simulation results are consistent with the experimental observations (Fig. 1) . Swarming of the wild type P. aeruginosa is much faster than that of the rhlAB mutant. The experimental and simulation results show that rhamnolipid is crutial for P. aeruginosa swarming.
Conclusions
In this paper we presented a multiscale model for the study of P. aeruginosa swarming. Simulations of wild type and rhlAB mutant bacrerial swarming have been conducted and compared with each other. Simulation results qualitatively agree to the experimental observations. Both have shown that wild type P. aeruginosa, which produces rhamnolipid and releases it into environment, swarms much faster than rhlAB mutant which produces no rhamnolipid. Simulation results suggest that rhamnolipid plays an important role in bacteria swarming in two ways. On one hand, high level of rhamnolipid concentration results in extraction of liquid from substrate followed by spreading of thin liquid film which helps P. aeruginosa swarm by carrying bacteria cells forward and allowing them to move on their own using flagella. On the other hand, as a bio-surfactant, rhamnolipid lowers local surface tension, which in turn eases liquid spreading and cell movement. Simulations demonstrated that combination of these mechanisms could result in formation of fingers (tendrils) at the edge of a swarm which have been earlier observed in experiments.
